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Explanation
1 1 1
1. ——dx = - / ——dx
/ V1—4a? 2 L g2

1
= §Sim_1 2z +C

Hence, the answer is B.

2 2
2. Rearranging the equation 9x2 — 4y2 =36 to T % =1 gives a value of a = 2 and b = 3.
Thus the asymptotes are y = :Egl' = :l:%x. Hence C.
1 1
3. Lety=—— = z=——.
T Y

1

)

e+ ()

—1+2y—5y2—y3:0

Then the equation with roots — % and —% is

A variable change from y back into x gives a cubic equation of 2% + 522 — 22 + 1 = 0. Hence D.

4. o The square root term is positive, and hence y is positive. So the only possible answers are A and

C.

e Asz — oo, y — 0, so the answer is C.
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5. In this question we will use the annulus method. The radius of the solid is given by y — (—1) = y+1 =
e3* 4+ 1. This immediately eliminates options C and D, meaning either A or B is correct. In the annulus
method we have m on the outside of our integral (in the cylindrical shells method, we will have 27 on
the outside of our integral). Hence, the answer is A.

6. Let 26 = i, where z = r(cosf + isin ).

Then r5(cos 6 + isin )5 = i.
%(cos 660 + isin66) = cos § +isin J.
Hence r = 1 and 60 = 5 + k27 for some integer k.

7T 7T
0= 5tk

Looking through our options, both A and C satisfy the above condition. But the required modulus
must also be 1. Hence, the answer is A.

7. The equation is equivalent to arg(z) = arg(z—(—141)) which is equivalent to arg(z)—arg(z—(—1+1i)) =
0.

The angle between the vectors must be 0, and this occurs when they are pointing in the same direction.
Hence the locus of z are the outer rays.

Hence D.

8. The function F(z) = / f(t) dt represents the signed area of f(x) from 0 to x.
0

Consider the behaviour of f(z) and F'(x) under these cases:

o From 0 — a: The area under f(z) increases at an increasing rate, and the curve F(x) will be
concave up.

o From a — b: The area is increasing, though now at a decreasing rate. The curve F(x) is now
concave down.

o At x = b: There is a stationary point for F(x). The area changes from increasing to decreasing.
o From b — ¢: We now have negative area, causing F'(z) to decrease.

e At ¢: The area is still decreasing, but changes here from decreasing at an increasing rate, to
decreasing at a decreasing rate. Hence there is a change in concavity for F'(x).

e From ¢ — d: The area decreases but more slowly. The curve is concave up.

o At d: The graph for y = F(z) goes from decreasing to increasing. There is a stationary point
here. The curve is still concave up.

o After the point d: The curve is still concave up. The area increases at an increasing rate.
Hence B.
9. This question makes use of two properties.

e A real number multiplied by a purely imaginary number is imaginary.
Proof: Let the real number be a and let the imaginary number be bi. Then their product is abi
which is purely imaginary.

e A purely imaginary number multiplied by a purely imaginary number is a real number.
Proof: Let the two purely imaginary numbers be a¢ and bi, where a and b are real. Then their
product is abi®> = —ab which is purely real.

This question also requires the student to recognise the expressions can be converted into perfect
squares.
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10.

a’p? + b2¢® — 2abpq = (ap — bg)?. Since the inside of the square is a purely imaginary number, its
square is negative. Hence (ap — bq)? < 0 = a?p? + b%¢* < 2abpq.

a’b? 4 p?q? — 2abpq = (ab — pq)?. Since the inside of the square is a real number, its square is positive.
Hence (ap — bq)? >0 = a*p? + b%¢* > 2abpq.

Hence B.

Consider y = f(x) and y = g(z). f(z) is an odd function and g(x) is an even function, meaning
that the z-coordinates for their stationary points will be symmetric about the y-axis. Note that if we
consider option A (a < b), we can pick values for a and b such that this will be true. However, as the
functions’ stationary point z-coordinates are symmetric about the y-axis, this means that a < b implies
that b > a, which is clearly a contradiction. Hence we cannot take A. Similarly, we can eliminate B
as well. Now we have to pick either C or D. We know that one of C or D must be true so we will test
a and b values. A stationary point of f(z) is = a, we will pick a = 7. Now testing b = 7, we get
¢'(5) = 1. Here we check if the stationary point is to the left or right of 2 = a = 5. To do this, we
will consider the gradient of ¢'(x),

g"(z) = cosx + cosz — xsinx = 2cosx — rsinr = g”(g) = —

SE

This means that our stationary point for g(z) is to the right of our stationary point for f(x), and
hence,
|af < ]b].

Therefore the answer is C.
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Question 11

(a) (i) zw=(2+37) (1 —1)

(i)

(b) (1)

=2-2i+3i+3
=5+i.
o2 g 3oy
w
=2-3i—(1+1)
=1— 4.
P(z) =2 +az® + b
P4)=4%+a-4>+b
0= 64 + 16a + b.
P'(z) = 32° + 2ax
P'(4)=3-4>42a-4
0=48+ 8a
a = —6.
0 =644 16(—6) +b
b=32

Using sum of roots, we have

4+4+r=—a
r=6-—28
=-2

2’ —z—6=a(z”—3)+ (bz +c) (v +1)

Let x = —1,
(-1)? = (1) =6=a((-1)*-3)
—4 =a(-2)
a=2.

By equating coefficients of 22, we have

a+b=1
b=1-a
=1-2
=—1.

By equating coefficients of x, we have

b+c=-1
c=—-1-b
=-1—(-1)
= 0.

22— 26 2 -
H de = [ —— d
ence’/(x+1)(:c2—3)x /w+1+x2—3x
1
:2loge|x+1|—§loge|x2—3]+c

4
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(d) (i) w=wu-1
= (5+2i) i
= —2 + 5i.

(i) v=u+w
=5+2t+ -2+ 51
=3+ Te.

w
(iii) arg (—) = argw — argv.
v
From the diagram, argw — argv corresponds with the ZCOB, which is 45°.

(e) By joining the interval C'B, we form the angle CBA. Suppose ZCBA = 6. Then 6 = ZD as
equal chords subtends equal angles at the circumference. From Pythagoras, we have

AC
AB
_d
o
. d
sinD = o
d=2rsin D.

sinf =
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Question 12

(a)
1
V= 7T/ Cross-Section Ay
-1

1
V:TF/ ﬁxzdy
1 4

Since x = 1 — 2, then 2% = 1 — 2y + ¢*.
1
3
V= / \4[(1 —2y% + y*)dy
-1

V3 2y 5]
V—4[y‘3+5]1

V= —4\/3 u?
15

x2+xy+y2:3

dy dy

2 L 4oy =

$+y—|—£€d$+ ydm
dy dy
4oL = 9 —
xdx+ ydw Ty
dy
dx

0

(z+2y) = — (22 +y)

dy — 2x+y
dr  x+2y

(i) Let % =0,
2
B l’+y:0
z + 2y
20 +y =0
y=—2z

Substituting y = 2z into %, we have

z? + x(—22) + (—22)% =3
2?2 — 2% + 422 =3

322 =3
2 =1
r==1

Hence, we have the following stationary points at (1, —2) and (-1, 2).
()

/$2+2$+5—5d /1 5 d
x = - dx
x2+22+45 4+ (z+1)?

1
:x—gtan_l (a:;— )—i—C’
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Question 13

(a) (i) This question requires us to use the method of cylinders.
Using this technique, strips must be parallel to the axis rotation (here it is the z-axis) and
then we cut it out. This is what the cylinder looks like when take the strip and rotate it

around the y-axis.
N
v

N

Note: Volume of a cylinder: V = 2nrh

By ‘flattening’ the cylinder, we obtain a rectangular prism, where the circumference of the
circle in the cylinder becomes the width of the rectangular prism.

V' = Cross-section x height

X

CA=27(1—-2x) x (2y)
h=Ax

1
% —/ 27(1 — )2y dx
0
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Since y? = (1 — x)? then y = \/z(1 — x)2.

V:27r/01(1—x) x 2\/x(1 — )2 da
:47r/01(1—m)2\/§dx
:47r/01(1—2$+x2)\/5d$
—477/01f—2x\/§+x2\/§d:r

1 1 3 5
47?/ T2 —2x2 +x2dx
0

)

[SIEN

_ 4 2% 4%_’_2

(b) (i) z=1—cos260+isin26
= 2sin?6 + i2sinf cos f
= 2sin 0 (sinf + i cos )
|z| = |2sin6 (sin @ + i cos )|
= 2sinf [sinf + i cos |
= 2sinf (sin29 + cos? 0)
= 2sind.
(ii) argz = arg (2sinf (sind + icosh))
= arg (2sinf) + arg (sinf + i cos 0)

=0+ arg (cos (g —9) + isin (g —9))

T
=——0.
2
(c) (i) We have F, = tsinf = mrw?, F, = Tcosf + N —mg =0, N = mg — T cosf. To remain in
contact, we need N > 0, and hence,

mg — T cos6 > 0.

From our equation of F, we have

mrw2

T —

sinf

mrw? cos 0
somg— ——— > 0.
sin 6
Now we need to eliminate sin . From our diagram, sinf = 7, hence

2
cos
mg_mru()r)b:>mg—mlw200802(]:>w2< J
1

~ lcosf’
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(d) (i) Since PS is a distance between two points, then

2
pS:\/(Cp_0)2+<C_Cp+CQ)
p pq
:\/62p2+<cp—cp—cq>2
Y4
2
_ 102p2+%
q

Similarly, for QR,

QR:¢(@+QW <0>
2
3

/ww+w—m)+q

| 2
C

= | 2p2

= cp+q2

= PS.

(ii) Let A and B have coordinates (z4,y4) and (zp,yn) respectively.
Since M is the midpoint of AB,
Mo <$A+$B’ yA+yB>
2 2
Solving zy = ¢ and y = tx — at? simultaneously,
te? —at’z —c* =0
Since the tangent at T intersects xy = ¢ at A and B, the above quadratic in terms of x has
roots x4 and xpg.
Considering the sum of roots,

~(~at?)
TA+TR=——Fn"
2
=at
.'.XM:%:% Sub:UM:%t into y = tx — at?
Yp = txpr — at?
at?
=5
_ —at?
yMm = —5
Since xpr = %t,t = %TM
2
M = 2%( )2
yas = —
a
222, = —ayn

*. M lies on the parabola 2z? = —ay

10
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Question 14

™

2 df
(a)/o 2 —cosf

Suppose

t =tan —
2

1 0
dt = 3 sec? 3 do

= % <1 + tan? 2) do

1
:§(1+t2)d9
2
df = —— dt
14 ¢2
2tan%
We know that tan6 = ——
1 —tan? §
2
12

1—¢2

Hence cos = e

Now changing the borders,

™

'/2 do /1 oz dt
“Jo 2—cosf ), 2_%3;

2
_/1 e dt
o 2-4+2t2—14¢2

0 1412
_/1 2dt
Jo 14 3t2

1
:2/ dt
o 1+ 3t

[tan_l(\/gx)}

1
0
(tan~"v/3 — tan"' 0)

5)

11
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(b) Let the displacement of the particle be z. We will consider downwards as the positive direction.

ci=g— kv?
Ual%:g—km2

d
dh:ﬁ
—2kvd
—Qk:dh:g_izvg

—2kv dv

—2kdh= [ ——

/ / g — kv?
—2kh =1In(g — kv?) + C

Initially, the particle is at rest, so when A = 0, v = 0. Substituting these conditions in, we get

—2k(0) = In(g — k(0)}) + C
C = —1n(g).

Substituting C' back into our equation, we get

—2kh =1In(g — kv*) + C
=In(g — ka) —1In(g)

—ln
g

g2
1n<9 k”>_—2kh

g
g — kv’ — o 2kh
g
1 kv? _ 2kh
g
]Lﬂ ] _ o2k
g
2 9 ( —2kh)
v =11-
k
v=t %(1 — e~ 2h),

As the particle is falling downwards, then v > 0.
g
. (1 —2kh
U= k< e~ 2kh)

as required.

(©) (i)

Using integration by parts,

12
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2 510 2 0 :
o = [m”(m—i—fﬂ)g] - n/ x"_l(x—i-?))% dx
-3

3 3" |,
2 2 2 [0
— 0@ - 2(-3)m0)t —n/ e+ 3)3 do
3 3 3" ),
2 0
— —n/ xn_l(x + 3)2 dx
3 J-3
2 0
= —3n/ 2" Nz + 3)Vx + 3dx
-3
9

0 0
:—gn (/ m"\/x+3dw+3/ :13”_1\/96+3d:n>
-3 -3

2
= _gn(In + In—l)

(ii) We know that

n> = —211[”,1
—2nl,_
I, = #
. —6n[n_1
- 3+2n
I, = —6nl, 1
3+2n
Substituting n = 2, we get
—6(2)1; 12
2 =——".
3+2(2) 7
Substituting n = 1, we get
—6(1) 1,
n=—5Wh _ 6,
3+ 2(1) 5

Now we will find Iy by substituting n = 0 into

0
Inz/ "V x + 3dx,
-3

which gives us

Iy

iwwn\voo\w\

w

—

—

N o
>

0
v+ 3dx

w
[N 8
+
w
N—
o
| I—
| o

5

oI = —2(2\/3)

12

3,
5

and hence,

13
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(d) (i) Pr(A wins n games) = (%)n

(ii) Pr(C never wins) = Pr(A and B wins n games)
_(2)"
S \3
Pr(A or B wins all n games) = <> + <>
1 n
—92(=
(5)
) ) 2 n 1 n
Pr(C never wins but A and B wins at least one) = <> -2 <>

3 3

(iii) Pr(Each player wins atleast one) = 1 — Pr(One players wins all n games) — Pr(Two player wins all n game
1\" 2\" 1\"
=1-3-(2) =3((2) —-2(=
() () —6))
2\" 1\"
=1-3(2) +3(=
() +:()

2" 1
=l-ma g
3=t —on 41

I T —

14
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Question 15

(a) (i) As ZAOB = 7, then the coordinates of B is given by
B(acos(f + g), bsin(f + g)) = B(—asinf,acosb).

The z-coordinate of @) is the same as the z-coordinate of B (as @ is vertically above B). Now to

find the y-coordinate of @, we sub x = —asin# into the equation of the ellipse, i—z + z—j =1. We
get

+5 =1= 2 =1-sin’0 =cos® = y = +bcosh.
As y > 0 (from the diagram), the y-coordinate of @ is y = bcos @, and hence,
B(—asinf,bcos0)
as required.
(ii) Let the angle between OP and the positive z-axis be a. Then

bsinf b 1 (0
= —-tanf = o = tan —-tanf ).
acosf a a

tana =

Let the angle between OQ and the negative z-axis be S. Then

bcosf§ b 1 b 1
tanﬁzﬁ— :>6:tan_1<- )

asinf a tanf a tan6

Let the angle between OQ’ and the positive z-axis be y. Note that 8 = v (vertically opposite
angles are equal). Now we want to find ZPOQ’. From the diagram,

/ZPOQ =a+~
=a+pB (asB=7)

= tan"! (b . tan¢9> + tan ™! (9 . 1 )
a a tan@

tan(Z/POQ'’) = tan (tanl (b - tan 0) +tan~! <b 1 ))
a a tan6

tan(tan~'(2 - tan 0)) + tan(tan (2 - L))

a  tanf
1 — tan(tan—'(2 - tan9)) - tan(tan— (2 - -15))
b b, 1
a tan9+ a  tan@

b b 1
I_E.tane—i_a.tanH

b 1
E(tane + tan0)
2
-5
1
ab(tan9 + m)
a2 — b2

£POQ = tan™! (ab(tane - taﬁ@))

a2 — b2

1

tang- 1o minimise this, we will consider the

Now to minimise Z/POQ’, we must minimise tan 6 +
AM-GM inequality
T4y

5 > J/Ty.

Substituting x = tanf and y = ﬁ, we get

tanf + ——
S tanf > Jtang . =1 = tanf +

> 2.
2 tan tan 6

15
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()

(i) ="

Therefore the minimal value of tan 6 + ; 9 is 2. Hence the minimum size of ZPOQ’ is
1 2ab
tan 2o )

(cos@ + isin#)® = cos 86 + isin 84.

Using de Moivre’s theorem,

Using the binomial theorem,

8
(cos @ + isin 0)® Z( ) (cos 0)F(isin 0)F.
=0

Equating these,
8

8
cos 860 + isin 80 = i* 8=k p sin* 0.
) ( k) cos®~* 6 sin
k=0
Since i> = —1, only even powers of i are real, meaning odd powers of i are not real. Then equating

imaginary parts above and using i = ,4% = —4,4° = 0,1’ = —1,

sin 80 = (f) cos’ 6 sin @ — <§> cos® f sin® 6 + (i) cos> 0 sin® 6 — (i) cosf sin” 6.

Note (f) = (?) =8 and (g) = (g) = 56. Then, dividing the result in (i) by sin 26,
sin80 8 cos” § sinf — 56 cos® @ sin® @ + 56 cos® § sin® 6 — 8 cos @ sin” @
sin 26 sin 26
8 cos’ § sin 6 — 56 cos® @ sin® @ + 56 cos® 0 sin® 6 — 8 cos @ sin” @
2sin 6 cosd

= 4cos® 0 — 28 cos* 0 sin? 0 + 28 cos? 0 sin* 6 — sin® @
=4((1 —sin®0)® — 7(1 — sin® #)*sin® 6 + 7(1 — sin® 0) sin? § — sin® 0) (cos*6+sin®0 =1)
= 4((sin® ) (=1 =7 =7 1)+ (sin? 0)(3 — 7(—2) + 7) + (sin?0) (=3 — 7) + 1)
= 4(1 — 10sin? 0 4 24 sin*  — 165in° 9)

(double angle)

—l-nz-D=@E@-1)0+z+224+ +2" Y —n(z-1)
=(z-1D)((Q4+z+2>+---+2"1)—n)

(ii) Tt is sufficient to prove that (z —1)(1+z + 22+ -+ 2" 1 —n) > 0.

e Casel: z < 1.
Then z — 1 < 0 and each of the terms x* will be less than 1. Then 1 + 2+ 22+ --- + 2" 1 <
1+414.--4+1=mn,so
| ——

n times

l4+z+22+- 42" 1 =n<0

As both the terms (z — 1) and (1 + x + 22 + --- + 2"~} — n are negative, their product
(x— 1)1+ z+22+ - +2" ! —n) is positive.

o Case 2: z > 1.

Then z — 1 > 0.

Also, for x > 1, then 2* > 1 for 1 < @ < n. Then the sum 1 4+ 2 + 22> + --- + 21 >

1+1+---+1=mn,s0

n times
l+z+a?+- +2" ' —n>0

As both the terms (z — 1) and (1 + z 4+ 22 + --- + 2" ! — n are positive, their product (z —

D(1+z+2%+---+ 2" —n) is positive.

16
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In both cases, we have proved that (z — 1)(1 +z + 2% + -

2" —1—n(zx—-1)
n

(iii) Method 1: Let z = ab™ 1.

nn a
ab Zl—l—n(g—1>
a"d™" > b+ nla —b)

=b+na—nb
=na+ (1 —n)b

17

+ 2"t —n) > 0. Hence
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Question 16

(a)
23 =@ -1 +r+ )8 422 1) (x(2X3n_1) + 20" 4 1)

First, we will prove that the statement holds true for n = 1. Letting n = 1, we get

LHS = 2(*) —1
=231

RHS = (z — 1)(z* + 2 + 1)
=231
= LHS.

As LHS = RHS, the statement holds true for n = 1.

We will assume that the statement holds true for n = k, that is,
L5 (@ -+ a4+ 1) +25+1) (x(zxgkﬂ) L) 1) '
Now we will prove that the statement holds true for n = k + 1, that is,

2 1= @ - D+ 2+ D)@+ + 1) @D £ @) 1260 1),

3k+1)

LHS = 2 ~1

= (2@ = 1)((@®)? + 269 + 1)
—_———
assumption
=@-D@+z+ D)@+ 23+ 1) @@ L 26" 4 1) ((269)2 4 269 4 1)
=@-D@2 42+ D)@+ 2%+ 1) @3 4 205 4 1) (@3 4 269 4 1)
= RHS
As our statement holds true for n = k + 1, we have completed the proof by induction.

(b) (i) As BA is parallel to HI, then AABC is similar to AIHC'. Hence, we can say that
BC _BA _ o)

(corresponding sides of similar triangles are equal).

HC ~ HI
Similarly, as F'G is parallel to C'A, then
g—g = ]C?é =2 (corresponding sides of similar triangles are equal).
BC BC

As HC = HF + FC and BF = BH + HF, then
HF +FC=BH+ HF = BH = FC.

Since DFE is parallel to BC, FG is parallel to CA and HI is parallel to BA, then BDY H and
CEZF are parallelograms. In BDYH, BH = DY and in CEZF, FC = ZE. Thus,

BH =FC = DY =ZF

as required.

18
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(ii) Let BH = FC = DY = ZE = z. Then
BC = BH + HF + FC =2z + HF,

HC = HF + FC =z + HF,
DE=DY +YZ+ ZE =2z +YZ.

From (i),
BC
o = V2
20+ HF
xr+ HF V2
2¢ + HF =2z +V2SF
np = 2oV
V2 -1
= V2.

- BC =21+ V2z = (2+V2)z.

Also, we were given that
BC

pE = V2
) 2z 4+ 2z _
"2x4+YZ = V2
22 +V2x = 2v2x + V2Y Z
2—V2e
YZ—T
=(V2- 1)z

YZ  (V2-1z V2-1 3V2-4

"BC T 2+V2)x  2+v2 2

(c) p(x) = &%+ pz + q, p,q real, q £ 0, zeroes a, 3,7,

(i) Using relationships between roots and coefficients, we know that

a+B+y=0
af + P8y +ay=p
afy = —q.

Then consider

(B=7)2%=8%+~*—28y

(21 P+ ?) a2, 20
(0%
—q
=(a+8+7)° = 2B+ By +70)" —a? —2- =
2
:—2p—a2—|——q.
(0%

We now need to eliminate p from the expression but require only « terms in the expression, so we
don’t use sum of roots 2 at a time again. Instead, note p(a) = 0 as « is a zero.

P +pat+qg=0

p=-2-a?
«

19
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(iii)

Thus
2
(B=7)*=- (—g—az) —a? 4+
(6 (6%
4
:a2+—q.
(6

We can further show

2_ 2 ﬂ
B=7)"=«a +

o’ + 4q
«
(—pa —q) +4q (
«

as p(a) = 0)
3

= —p+ —q_
(6]

A similar result applies to (a — 3)? and (v — a)? we know that the roots of the equation of interest

3 3
can be rewritten as —p + —q, —p+ —q, —p—+ o4
o B gl
3q 3q .
Set y = —p+ — so © = ——. Then using p(x) = 0, we have
x y+p

) (G

+p +q¢=0
<y+p y+p
x(y+p)*+q: 27¢° +3p(y +p)? + (y +p)* = 0.

The roots of this equation are y = (a — )2, (8 —7)2, (v — )2

Taking product of roots,
V2B — N2 — )2 —
(=B (B=7"(r—2) leading coefficient
212 +3p-p* )’
B 1
= —(27¢% + 4p?).

constant term

If 27¢° + 4p3 < 0 then

(a—B)*(B—7)*(y— a)* = —(27¢" + 4p°)
> 0.

Firstly, note from this that

(=828 =720y —a) #0.
which means that o # 3, 5 # 7, and v # «. In other words, no 2 zeroes of p(x) = 0 are equal so
all 3 zeroes are distinct.
Next, because p(z) has coefficients that are all real, any non-real roots must occur in conjugate
pairs, so there are either 3 real distinct roots or 1 real root with 2 conjugate complex roots.
If we suppose we had non-real roots = a + ib and v = a — ib (a, b real) then

(=B (a—7)*(B =) = (a—(a+1ib))*(a — (a—ib))*((a+ib) — (a — b))
= ((a — (a +ib))(a — (a — ib)))? (2ib)?
= —(a® — 2a + (a® + b?))*(4b?)
< 0.

The inequality arises because squares of real numbers are non-negative. However, the sign of the
expression is given to be positive, so we cannot have any non-real roots. Therefore, p(z) = 0 has
3 real distinct zeroes if 27¢% 4+ 4p3 < 0.
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