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Multiple Choice

Multiple Choice Answer Key

Question | Answer
1 B
2 A
3 A
4 D
5 A
6 C
7 C
8 B
9 D
10 B
Explanation
1. afy = —(72—10) = 5 from product of roots, and

Hence affy(a+f+7) =5 x =3 = —15.
Hence B.

2. y=3z = m; =3
Yy =br = mo = 5.

my — mo
tanf =

1 4+ momo
3—5
1+3(5)‘
—2
16
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3.

5.

. sin3xcos 3z . 2sin3xcos 3z
lim ——— = lim —
z—0 12x z—0 24x

_ 1 o sin 6

504" 6
1

=-x1
1 X

1

4

Hence A.
. The roots of the polynomial are at + = —2,x = —1 and = = 1, suggesting factors of (z+2) and (z+1)

and (z —1). The ‘bounce’ at z = 1 suggests an even power for (z — 1), so (z — 1)? is a possible factor.
The polynomial at the moment takes the form y = a(z + 2)(x + 1)(z — 1)2.
Since the curve has a y-intercept of (0, —6), we have

—6=a(0+2)(0+1)(0—1)>

— —6=ax2x1x1
= a= -3

Therefore a = —3,b=2,c=1,d = —1.
Hence D.

o The intercept of P = 3000 when ¢t = 0 suggests that eliminates the option (C), which has an
intercept of 4500.

o The horizontal asymptote of P = 1500 as t — oo implies (A) is the answer.
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6. x1 = ¢ will give the closest approximation to the solution x = w. The Newton-Raphson method of
approximating roots works based on drawing a tangent line to the curve at z; = g (where z = g is an
initial approximation), then using the z-intercept of the tangent line as an approximation of the root.

The diagram shows the tangent line drawn at x; = ¢ in red, with the other tangent lines drawn in
blue:

>~ - - - - - - - - - - — - - - - 4

T\ W

o
QU

/o

Option (a) results in a root to the left of a, even further from w.

Option (c) produces a root close to w. (The red tangent)

(

Option (b) results in a horizontal tangent line, giving no approximation at all.
(
(

Option (d) produces a horizontal tangent line, giving no approximation at all.

Hence C.

dv
7. Since, we are given v(z) equation, to find the function for acceleration, we chase for vd—.
x

v:x2+2
dv
29
dx N
d
v% = 2xv
d
v;l% = 22(x? +2)
a = 2x(z® + 2)
Atz=1, a=2(1)(1+2)
a=6ms 2

Hence C.
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8. Fix the first person in a particular spot on the table. Without loss of generality, let this person be a
male. Then the remaining 5 males can be permuted in 5! ways, and the 6 females can be permuted in
6! ways. Therefore, the total number of ways to seat men and women when alternating is 5! 6!. Hence
B.

9. In general, for sinf = a, then

Then
1
op— L
sin 2 5
1
2z = nmw + (—1)"sin! (—2>
2z =nm + (—=1)" (—%)
nmw T
= — + (=1 —.
= DT
Hence D.



Ngo and Sons 2018 HSC Mathematics Extension 1

10. Method 1.
Recall that the equation for a particle undergoing simple harmonic motion is v? = n?(a® — (z — x¢)?).
v? = —n?(z? — 2kx)

= —n?((z — k)? - k%) (completing the square)
=n*(k* = (z — k)?)

This means that amplitude a is k, and centre of motion is also xg = k.
The only option that agrees with this is B.
Hence B.

Method 2.
Note that, when t =0,z = k.

v =n\2kx — x?
d—x = nv/2kz — 22

dt
d
/ x :/ndt
V2 — (z — k)2
sin_lﬂ—nt—l—c
P
z—k .
’ = sin(nt + ¢)

x — k = ksin(nt + ¢)
x =k + ksin(nt + ¢)
Since x = k at t =0,
k =k + ksin(c)
sinc =0
c=0

. x =k + ksin(nt)
Hence B.
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Question 11

(a) (i) P(x)=2%—-22>-52+6
By the factor theorem,
Pl)=13-2.12-5-1+6
=1-2-5+6
= 0.
Since P(1) = 0, by the factor theorem = — 1 is a zero of P(x).
(ii) By dividing the polynomial P(x) by  — 1, we have
P(z) = (z—1) (2* — 2 — 6)
=(xz—-1)(x+2)(x—3).
Hence, the other factors are x = —2 and x = 3.
(b) logy 5+ logy (x —2) =3
logy(5(x —2)) =3

5(x —2) =28
5 — 10 =38
5r =18

18

ng'

Note: £ —2 > 0so x > 2.
18
ST = =
5
(¢) V3sin(z) + cos(z) = Rsin(z + «)
= Rsinzcosa + Rsinacos x.
By equating coefficients of sinx and cos x,
Rcosa =3

Rsina=1

By dividing the above two equations, we have

tana =

™
<a< —).
O<as])
By considering the identity R? = R?cos®z + R?sin’z
R = (VA + (1)
R=2 (R>0).

o =

M-l

Hence, we have v/3sinz + cosz = 2sin <x + %)

(d) Since external secants intersect in equal ratio, then
24+ 2)z=(54+3)3
22 420 =24
2’ +2r—24=0
(x+6)(x—4)=0
x=4 (x > 0).
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(e) (i) The domain of f(z) is all real values of z, except 4z — 1 = 0 => 2 = 1. Hence all real z, where
x # %.
(i) Method 1 (Geometry).
To find the values of x such that f(z) < 1, we will firstly sketch y = f(z).

Now solving f(x) =1, we get

1
4r — 1

1
:1:>4a:—1:1:>37:§.

Hence, z < § or x > 1 for f(z) < 1.
Method 2 (Algebra).
flz) <1
1
dr — 1
4z —1) <
(4o —1)% — (4z — 1) >
(4z - D[z 1) = 1] >
) >
) >

<1

4x—1)

(4 —1)(4x — 2
24z — 1)(2z — 1

=
[

Hence, z <  or « > 1 for f(z) < 1.
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(0 0
/ B
-3V 1—=x
Now letting u = 1 — x, we get du = —dx. Changing the borders, we then have
r=-3=u=4
r=0=u=1.

Hence, our integral becomes

0 11
/ Y = 1 Y
-3 11—z \/?j
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Question 12

(a) /cosQ(Bx) dx = ;/COS(@T) + ldx

1 (sin(6x)

(b) (i) Considering the given triangle, we have
h dh
sinf = 2 = h =20sinf = i 20 cos @
as required.

dh
(ii) Now we want to find T when h = 15. We know that

dh _dn b
dt — df dt’
It’s known that @ = 20cos# and ﬁ = 1.5. Hence,
do dt
Z—IZ =20cosf x 1.5 =30cosé.

dh
We need T to be in terms of h, so from our triangle we have that

VI 72

p— v
coS 50 )

and thus

dh o VI

dt 20
When h = 15m, then

2 _ {52
%(h =15) =30 x Lmli =19.8m/min (1 d.p).

Therefore, the speed of the top of the carriage rising when it is 15 metres higher than the horizontal
diameter is 19.8 m/min.

(¢) () f(z)=sin'z4cos™tz

o o) ()
=0.

(ii) di(sin’1 z4coslx)=0
X

d(sin"t 2 4+ cos ! x) = da

/al(sin_1 x+coslx) = /d:n

sin~tz+cos Ttz =C,

for some constant C'. Now we will sub in a value for x to find C. Substituting x = 0, we get

sin*10+cos*10:C:>C:g.

Hence we have
sintz4costr=C=sin 'x+cos lz=

NN

as required.
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(iii) Since sin™*z + cos™'z = Z, then f(z) = 3. Hence, our sketch of y = f(z) will be y = Z.

AY

< . _Y =RACIIN
2

~1 0 1 x

Note, that the domain for inverse sine and cosine is —1 < x < 1. So when we sketch y = 5 we
must restrict our domain.

(d) Pr(At least 10 people) = Pr(10 people) + Pr(11 people) + Pr(12 people)
12 12 12
= <10> (0.75)1°(0.25)* + <11> (0.75)'1(0.25)" + <12> (0.75)'2(0.25)°.

Hence, the expression for the probability that at least 10 people from the group complete the trek
within 8 hours is given by

(}3) (0.75)1°(0.25) + Gf) (0.75)"(0.25)" + Gg) (0.75)12(0.25)°.

In this question, note that the question requires an expression, meaning that we do not actually have
to evaluate the above. For the sake of completeness,

Gg) (0.75)'9(0.25)% + Gf) (0.75)'1(0.25)" + G;) (0.75)'%(0.25)° = 0.39 (2 dp).

z? = day
First we will find the tangent at P. By differentiating and substituting in the coordinates of P,
we have
da

dy =@

de  2a
dy 2ap
=29 N
dx (z ap) 2a

Now the equation of the tangent at P is given by

y —ap® = p(x — 2ap)
y = px — 2ap® + ap®

= px — ap®.

Now to find the coordinates of A, we let y = 0, giving us

pxr — ap2 =0
pr = ap’
T = ap.

10
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. A(ap,0).
Now we calculate the gradient of AS,

Y2 — Y1
mas =

Tro9 — T
_0—a
Cap—0
_—a
_ap
1

>

The gradient of AP is the gradient of the tangent at P. Hence
map = Pp-
Now since 1
mAs XmAP:_]; xp=—1,
then ZPAS = 90°.

(ii) Similarly, ZQBS = 90°. Therefore, S, B, A and T are concyclic points as the interval ST subtends
equal angles at two points A and B, on the same side.

(iii) Since ST is a chord of the circle through S, B, A and T that subtends a right angle at the
circumference at the points A and B, ST is a diameter of the circle.

dst = \/(xl —22)” + (11 — 12)°
=0~ alp+0)* + (a—apg)?
= \/a2p? + 2a2pq + a2¢% + a2¢® — 2a2pq + a’p3q?
—aVpP+ @ +1+p2?  (la|=aasa>0)
=aV/(P? +1)(¢ +1)
Hence, the diameter of the circle through S, B, A and T has length

ay/(p® +1)(¢* + 1)

as required.

11
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Question 13

(a) Step 1: Prove true for n =1

S Trueforn=1

Step 2: Assume true for n =k

1—(=3)F
2-6+18 54+ -4+ 2(-3)F 1 = (2 )
Step 3: Prove true for n =k + 1
k—1 k 1 (_S)kH
RTP: 2 — 6418 — 54 + - -+ + 2(=3)" 1 4 2(=3)" = 5
LHS =26+ 18 — 54 + - -+ 2(=3)*! 4 2(-3)*
1—(=3)k
L gy
1= (=3)F +4(-3)F
N 2
_143(=3)F
=
B 1— (_3)k+1
=G
— RHS

Therefore, by the principle of mathematical induction, the statement is true for all integers n > 1.

(b)
/()

(i) The domain of f(z) is « > 1 as given in the question. The range is 0 < f(z) < % by inspection of
the graph. Now for the domain and range of the inverse function, f~!(z), we switch the domain
and range of f(z). Hence the domain is 0 < 2 < 1 and the range is y > 1.

(i)

X
2241

Ya
\
\
\
\
!
\
\
\
!
\
!
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(iii) x =
ny +r=y
:cy2 —y+z=0.
Using the quadratic formula, A = b? — 4ac
= (=1)* — 4(z)(z)
=1— 422

This means for f~!(z), we have

1++1—4x2
- 2z

1++v1—4z2
2z

y
i) =

Since x > 1 and y < % for f(x), then for the inverse function, y > 1 and 0 < z < %

1+ +v1—4x2

@) =

(c) Consider the equations for displacement, velocity, and acceleration

=0 =g

& =wvcosb y=—gt+vsinf
2

x = vt cosf Yy = + vt sin 6

(i) The range of a projectile is the & value when y = 0. Hence,
2

—gt
g +ovtsinfd =0
2vsinf
t=
g
e . vsin @
Substituting into the z(¢) equation, we have R =wv 0059[ }
g
207 sin 0 cos 0
p o 2vsinfcos
g
_ v?sin26

g
(ii) Let 61 = % — 0.

2

R="sin (m —20) (using supplementary angles)
g
2

R = U—sin29
g

13
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(iii) To find the maximum height, let the vertical velocity be equal to zero and sub the time into
displacement, y. Note that maximum height occurs when there is no vertical velocity.

Letting y =0, —gt+vsinf =0

vsin 6
= t =
g
v sin o
At =oa,t=——
g
vsin 8
At =0,t=
g

— gt?
Maximum Height: h = Tg + vtsin 6

— gt? .
At 0 =a, hy = T—i—vtsma

2 2

grv“sin® « . v sin o
Hence, hy = —*[7] + USanc[ }
2L ¢° g
—v?¥sin?a v?sin?a
= +
29 g
B v?sin? a
=5
At 6 =8, h visin® §
=By hy =5
ho +h
Average Height = aTﬁ
v¥sina v?sin?f
_ 29 " 29
B 2
2
v
= —| sin? o + sin® 6]
4g

Since the question wants us prove that the average height is dependent only on velocity and
gravity, this means that we must eliminate o and 8. To do so, we need a relationship between «

T
and 8. From the question, we let § = 5~ Q.

v? T
Average Height = — [sin2 o + sin? (— — a) ]
4q 2
VT, 2
= —[sm o + cos oz}
g
02

g
.. The average height depends only on v and g

14
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Question 14

(a) Consider the diagram:
A
D
P .

\V

Q

Method 1.
In quadrilateral ABCD,
LABC + /BCD + ZADC + ZBAD = 360° (angle sum of quad ABCD is 360°)

20+ 2 + 2y + 26 = 360°
a+f+vy+6=180°
In AADQ,
LADQ + ZDAQ + ZAQD = 180° (angle sum of AADQ is 180°)
ZPQR+ o+ 6 = 180° (since ZPQR is LZAQD)
/ZPQR=180°—a—9§
Similarly in ABCS, /PSR =180° — 3 — .
/PQR+ /PSR =180° —a —§ + 180° — 8 — v
=360°— (a+[B+v+9)
= 360° — 180°
= 180°
Since opposite angles in quadrilateral PQ RS are supplementary, PQR.S is a cyclic quadrilateral.
Method 2.

2a0+ 283 + 27 + 26 = 360° (angle sum of quadrilateral is 360°)
a+pB+~y+06=180°
/ZDRC + ZRCD + ZCDR = 180° (angle sum of ARDC = 180°)
ZDRC + ~ + 6 = 180°
/DRC = 180° — (7 +6)
=a+f (a+ B +~v+d=180°)
/SRQ = Z/DRC (vertically opposite angles are equal)
=a+f

Similarly, we can use angle sum of triangle APB to show that

LAPB =180° — (o + f8)

15
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and then use vertically opposite angles to deduce that

/SPQ = /APB
= 180° — (a + B)

Hence

/SPQ+ Z/SRQ = (180° — (a + B8)) + (a + B)
= 180°

This means that opposite angles of quadrilateral PQRS are supplementary. For this reason, PQRS
must be a cyclic quadrilateral.

16
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(b) (i)

Note: [1+ (1+2)]" =2+ x)"

oy (@ <ym1+@yww+m+c
(s (Mar- B

Therefore
)" = = n n—kxk: .
=3 (32t
)" = - o n—k T k. .
1+ (14 z)] 2 <k>1 (1+2x) (2)

”
Consider the coefficient of " in equation (2).

Noting that
n n n n
1 k— 2 ... n
(1+x) (0>+<1>$+<2>x + +<n>x,

the smallest power of (1 + 2)* that contains an z” term is k = 7.

e Coeflicient of 2" from <n>(1 + )" is <n> . <T>
T T T
1
o Coefficient of x" from ( " >(1 —I—x)TH is < - ) . (7“ + )
r+1 r+1 r

e Coefficient of z" from( " )(1—1—37)’”*2 js< " >.<T+2>
r+2 r—+2 r

o Coefficient of 2" from <n>(1 + )" is (n) . (n)
n n r

Hence coefficient of 2" from (2) is

()0 (o)) e ()0

However, due to the equivalence of (1 + (1 + z))" and (2 + )", these coefficients of 2" from (1)

and (2) must be equivalent.
n)\r r

O+

The group created by A could have a size of 4, 5, 6, ..., 23 people being chosen out of a pool of 23
people. For any group of a size of k which was formed by selector A, selector B needs to select 4
people out of selector A’s pool of k people.

Hence the number of ways this selection process could be carried out is

= (2)0) - GO )0 ()
= (243>223‘4 (previous part with n = 23,7 = 4)

= 4642570 240.

Note that <n) 27" which is the RHS of the result, is the co-efficient of 2" in expansion (1).

17



Ngo and Sons 2018 HSC Mathematics Extension 1

(c) (i) We are required to show that AABC|||AACD.
In AABC and AACD,
o LABC = /ZADC =90° (given BC L. AC and OD 1 AB)
e /BAC = ZCAD (common angle)

2. AABC|||AACD (equiangular)

AB AC _ BC

(ii) AC-AD- D (corresponding sides of similar triangles, AABC and AACD, are in proportion

_AB_ BC
"AC  CD
c_¢a

b =z
ab

T =—

c
(iii) In AACD and ANAFH,

o LADC = ZAHF (both 90 degrees, CD 1 AB,FH 1 AB)
e /DAC = ZHAF (common angle)
. ANACDI||AAFH (equiangular)

Then since matching sides of similar triangles above are in proportion,

FH _AF
CD AC
v AC-CF
r  AC
_b—x
)
po @
= Tc (previous part)

2 3
i i c—a c—a
Likewise, we can show that zo = = < ) , T3 =1 < > , and so on.
c c

Hence the sum of the quadrants (quarter-circles) is

18
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Areaggp = — 4+ —2 + —2 ...

Il
=~
8

o)
+
7 N
8
7N
|
S
N—
S~
(V)
+
/N
8
7 N
o
|
s}
N~
(V)
N~
+

N
—
|

VR

@)

ol

Q

N—
[N}

N
—
|
7 N
o
|
IS
NN
Do

N

c? — (c? — 2ac+ a?)
2

T a’b?
4 2ac — a2
wab?
4(2¢ —a)’

Note that the limiting sum converges as
2
c—a
= (%)
c

1)2 (as0<a<c)

(iv) Area of AABC = Lab
Area of quadrants < Area of AABC

mwab? 1
—— < —ab
4(2c—a) 2
2 b(2¢c —
Zﬂ a(CbQ @) (as a,b,c >0 and ¢ > a, so 2¢ —a > 0)
a
E< 2c—a
2 b

19



